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Abstract
In an incoherent metal, transport is controlled by the collective diffusion of energy
and charge rather than by quasiparticle or momentum relaxation. We explore the pos-
sibility of a universal bound D & ~v2F /(kBT ) on the underlying diffusion constants in
an incoherent metal. Such a bound is loosely motivated by results from holographic
duality, the uncertainty principle and from measurements of diffusion in strongly inter-
acting non-metallic systems. Metals close to saturating this bound are shown to have a
linear in temperature resistivity with an underlying dissipative timescale matching that
recently deduced from experimental data on a wide range of metals. This bound may be
responsible for the ubiquitous appearance of high temperature regimes in metals with
T -linear resistivity, motivating direct probes of diffusive processes and measurements of
charge susceptibilities.
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Introduction
Many strongly correlated materials exhibit a region in their phase diagram with a linear in
temperature resistivity. Especially ubiquitous are regimes with linear resistivity that extend
towards high temperatures. Well known examples include cuprates, pnictides, ruthenates,
heavy fermions, vanadium dioxide, fullerenes and organics. It is tempting to search for
a universal dynamics that might explain the robustness of this behavior. The obvious
challenge is that microscopic details and in particular scattering mechanisms seem to vary
significantly between the different materials. However, the notion that a unified framework
might capture many of these regimes is supported by the recent experimental observation
that a universal dissipative timescale τ ∼ ~/(kBT ) underpins the linear in temperature
resistivity across a wide range of materials [1].
A simple way to make sense of universal behavior is through a bound on some appro-
priate physical quantity. In strongly correlated systems there are no small parameters and
hence they will tend to push up against and saturate any bound. The appeal of this ap-
proach is that a bound does not make reference to any particular system and so can aspire
to be universal. The difficulty is in identifying the correct kinematic framework in which
to formulate the bound. In particular, in metallic systems, the need to relax momentum
by processes extrinsic to the electron dynamics (i.e. lattice or disorder scattering) in order
to obtain finite conductivities has complicated the search for an intrinsic bound. While
the notion of a ‘planckian’ bound on dissipation has been put forward [2, 3, 1], a precise
proposal for the physical quantity that is bounded is lacking. In this letter we propose
that the correct framework for understanding high temperature linear resistivity is that of
incoherent metallic transport and that the quantities that are universally bounded are the
charge and energy diffusion constants.
In weakly interacting metallic systems with long lived quasiparticles, bounds on trans-
port coefficients can be obtained from the uncertainty relation applied to the mean free
path of the quasiparticles. An example of this – which we review briefly below – is the
Mott-Ioffe-Regel (MIR) resistivity bound, see e.g. [4, 5]. However, this bound is violated in
strongly correlated ‘bad metals’ [6]. In bad metals, linear in temperature resistivities cross
the MIR bound with impunity. Furthermore, several of the materials exhibiting universal
dissipation in [1] have a resistivity well below the MIR bound.
For strongly interacting systems one is faced with a paucity of theoretically controlled
models. A rare class of strongly interacting theories where dissipative processes can be
accurately computed are ‘holographic’ models. Some landmark papers in this endeavor
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are [7, 8, 9]. Among the most celebrated upshots of holographic studies of dissipation
has precisely been evidence for a universal bound on diffusion rates that is approximately
saturated by strongly interacting systems. Such a bound was originally conjectured by
Kovtun-Son-Starinets (KSS) for the rate of momentum diffusion in a neutral plasma [10],
usually described as the ratio of shear viscosity to the entropy density. See [11, 12] for
overviews of subsequent refinements and developments of the conjecture. A bound on the
rate of momentum diffusion is supported by experiments on the strongly correlated quark-
gluon plasma and on the Fermi gas at unitarity, see e.g. [13].
In this letter we propose a universal bound on the diffusivity of charge and energy in
an incoherent metal, by analogy to the KSS bound. Momentum and hence viscosity will
play no role, by assumption, due to the incoherent nature of the metal. Einstein relations
translate these bounds into statements about electric and thermal conductivity. We find
that incoherent metals approximately saturating the bound have a linear in temperature
electrical resistivity controlled by precisely the timescale τ ∼ ~/(kBT ) uncovered in the
data [1]. Figure 1 below sketches the relation between the bound we consider on incoherent
transport and the MIR bound on quasiparticle transport. In strongly interacting systems,
the destruction of quasiparticles may set in well below the MIR bound. The incoherence
bound is both weaker and stronger than the MIR bound. In particular, incoherent metals
can cross the MIR bound while saturating the diffusivity bound.
no quasiparticlesno quasiparticles
MIR bound
no incoherent
transport
no incoherent
transport
Diffusivity bound
T
ρ
Figure 1: Quasiparticle bounds versus incoherent bounds: Schematic illustration of
the role of the Mott-Ioffe-Regel bound and the proposed diffusivity bound in the resistivity
versus temperature plane.
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From quasiparticle to incoherent transport
Transport at low and zero frequency is controlled by the longest lived excitations carrying,
for example, charge or heat. In a conventional metal, the longest lived excitations are
quasiparticles. The existence of quasiparticles is equivalent to the existence of a large number
of almost-conserved (i.e. long-lived) quantities, the quasiparticle densities δnk. Each δnk is
the number of quasiparticles with momentum k excited above the equilibrium Fermi-Dirac
distribution. To describe transport in systems with quasiparticles one needs an equation
that describes the interactions and decay of all of these quasiparticles densities. This is why
transport in conventional metals is appropriately described by Boltzmann equations [14].
In a system without quasiparticles, one must identify the longest lived excitations. There
are two possibilities. We will refer to these as coherent and incoherent metals. From this
point onwards we will mostly assume that the system of interest does not have long-lived
quasiparticles.
In a coherent metal there exists an almost conserved operator (i.e. a long-lived quantity)
that overlaps with the current operator. That is, there exists an operator P and total current
J such that the susceptibility
χJP ≡ i
∫ ∞
0
dt〈[J(t), P (0)]〉 6= 0 . (1)
By long-lived we mean that at late times 〈P (t)〉 ∼ e−Γt, with Γ a relaxation rate that is
parametrically slower than the energy scale at which generic (i.e. non-conserved) quantities
decay. For instance Γ  kBT . It can be shown that the conductivity at small frequencies
is then given by a Drude form [15, 16]
σ(ω) =
χ2JP
χPP
1
−iω + Γ . (2)
The simplest way this situation can arise is if momentum-relaxing interactions (umklapp
and disorder scattering) remain weak even while momentum-conserving interactions become
strong and destroy the quasiparticles. In this case P is the total momentum. It cannot
be overemphasized that Γ in (2) is the momentum relaxation rate and not a quasiparticle
relaxation rate – there are no quasiparticles by assumption here. Coherent non-quasiparticle
transport has recently been studied in [17], where in particular it was found that such
systems have unconventional thermal conduction, with a dramatically low Lorenz ratio L.
Previous works had emphasized the need to focus on momentum relaxation in strongly
interacting metals [18, 9, 19, 16]. Holographic models played a useful role in these studies
because they are uniquely tractable explicit systems without quasiparticles.
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This paper is about incoherent metals. In an incoherent non-quasiparticle metal there
will be no long-lived quantities overlapping with the current operators. This implies that
there can be no ‘narrow’ Drude peak with a width Γ kBT . This still allows for structure
in the optical conductivity at low frequencies. For instance, there can be a peak of width Γ &
kBT . The temperature may be well below the Fermi energy, and the Fermi energy itself may
be lower than the interband energy scale [20]. Such a peak may therefore appear as relatively
sharp in the optical conductivity. The important point is that it should not be possible
to isolate a relaxation rate from the optical conductivity that is parametrically smaller
than the rate at which generic quantities decay due to interactions. This characterizes a
regime where both momentum-relaxing and normal interactions are strong, so that there
are no quasiparticles and in addition momentum is quickly degraded. Strong microscopic
momentum relaxation can appear in low energy effective descriptions as an emergent particle
hole symmetry, with χJP = 0 in the effective description, as in [21, 22, 23, 24].
In all metals the conductivity can be expressed in terms of a diffusion constant, via
an Einstein relation. In the coherent case, the diffusion constant can be related to the
momentum relaxation rate. In these coherent cases it is more convenient to use the Drude-
like formula (2) for the conductivity directly. For incoherent metals, however, the Einstein
relation is all that one has, and so diffusive processes become central. In the methods
section below we derive the generalized Einstein relations
D+D− =
σ
χ
κ
cρ
, (3)
D+ +D− =
σ
χ
+
κ
cρ
+
T (ζσ − χα)2
cρχ2σ
. (4)
These relate the electric, thermal and thermoelectric conductivities – σ, κ, α – to two diffu-
sion constants D±, describing the coupled diffusion of charge and heat. The specific heat
cρ, compressibility χ and thermoelectric susceptibility ζ are defined in the methods section.
Inhomogeneities in the charge density are effectively instantaneously screened by long
range Coulomb interactions. Therefore charge density does not in fact diffuse at the longest
wavelengths but rather decays exponentially in time. Nonetheless, as we recall in the
methods section below, the Einstein relations between the conductivities and the ‘bare’
(prior to screening) diffusivities still hold. The charge diffusion constant, however, will
not be directly measurable through a physical diffusion processes. The energy density, in
contrast, is not screened and hence the thermal diffusivity can be directly measured in
principle.
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Bounds on transport coefficients
Within the framework of quasiparticle transport, it is possible to bound transport coeffi-
cients. We can first describe the Mott-Ioffe-Regel (MIR) limit. From the Drude formula for
a d-dimensional metal
σ =
nτe2
m
∼ (kF `) kd−2F
e2
~
& kd−2F
e2
~
. (5)
Here we imposed kF ` & 1; the mean free path of the quasiparticles should be longer than
their Compton wavelength. Equation (5) is a version of the MIR bound, and implies an
upper bound on the resistivity of a metal. Violation of the MIR limit is widely observed in
strongly correlated systems at high temperatures, suggesting that transport in these ‘bad
metal’ regimes is not controlled by quasiparticle physics [4, 5, 6]. In addition, strongly
correlated systems can have resistivities well below the MIR bound (e.g. [1]). This suggests
that the MIR bound is both too strong and too weak.
The MIR limit above was stated in terms of the mean free path of the quasiparticles, but
from our perspective the lifetime is the more fundamental property. So let us instead apply
the energy-time uncertainty principle to the quasiparticle lifetime τ . The quasiparticles
have energy kBT and therefore we obtain
σ =
nτe2
m
∼ τEF
~
kd−2F
e2
~
& kd−2F
EF
kBT
e2
~
. (6)
This result requires sufficiently inelastic interactions for energy to equilibrate. At low tem-
peratures, elastic impurity scattering leads to a residual resistivity violating (6). Through-
out we work at high temperatures away from the residual resistivity and any localization or
insulating physics. For temperatures kBT . EF we see that the standard MIR bound (5)
is weaker than it could be. The stronger bound (6) now implies that a quasiparticle-based
resistivity is bounded above by T -linearity. There is at least one case in which quasiparticles
can saturate this stronger bound. Scattering of electrons by phonons at temperatures above
the Debye scale, with an order one electron-phonon coupling, gives a conductivity saturat-
ing (6). Due to Migdal’s theorem for electron-phonon interactions, the quasiparticles are
not destroyed [25]. For more general interactions, such as fermions interacting with gapless
critical bosons, quasiparticles will not survive with τ ∼ ~/(kBT ).
The same uncertainty principle argument – again applied to systems with long lived
quasiparticles – has been made to bound the shear viscosity divided by the entropy density
in a plasma [10]. Here
η
s
∼ τ
kBn
& ~
kB
. (7)
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In the above expression /n is the energy per quasiparticle, and this is the quantity used in
the uncertainty relation. Shear viscosity quantifies the diffusion of momentum (e.g. [11]).
In a relativistic system with vanishing chemical potential, in particular, η/s = DT/c2. Here
D is the momentum diffusion constant and c is the speed of light. Therefore we can rewrite
(7) as
D
c2
& ~
kBT
. (8)
It is important to stress that the above bound only follows from (7) in the relativistic case
with vanishing chemical potential. We are instead interested in a finite charge density, non-
relativistic limit. Nonetheless, the above expression (8) resonates with the phenomenology
of strongly interacting ‘planckian’ [3] quantum critical systems in which temperature is the
only scale [2].
Bounds such as (7) and (8) can be stated without any reference to an underlying quasi-
particle description. This fact, combined with the observation that a wide range of (non-
quasiparticle) theories with holographic gravity duals had a low but specific value of η/s,
led Kovtun, Son and Starinets (KSS) to conjecture a universal bound for all systems [10]
η
s
≥ C ~
kB
. (9)
The KSS bound was stated with a specific constant C. Subsequent work found counterex-
amples to the original statement, but the powerful notion that a specific (to be discovered) C
does exist such that (9) is always true has survived [12]. The key conjecture is that in some
suitably generic class of systems – with or without quasiparticles – the dissipation timescale
is fundamentally bounded. The evidence for this conjecture beyond the quasiparticle regime
comes both from holographic theories, see e.g. [11, 12], and from measurements of the vis-
cosity in strongly interacting systems such as the quark-gluon plasma and the Fermi gas at
unitarity, see e.g. [13]. On the other hand, one measurement of transverse spin diffusion
in a strongly interacting cold atomic Fermi gas has measured a very low diffusivity, chal-
lenging proposed bounds [26]. To obtain a sharp contradiction, the (currently unknown)
renormalized mass and Fermi energy for this system are needed.
It is not straightforward to apply the viscosity bound to transport in metals (see [27, 28]
for a recent interesting discussion). The problem is the following: the conductivities in a
strongly interacting coherent metal are determined by the momentum relaxation rate Γ,
not by momentum diffusion. Momentum diffusion is an intrinsic property of the system,
described by the diffusion constant D. Momentum relaxation is instead determined by
the way in which the system is coupled to external translation symmetry breaking effects
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such as disorder or a lattice [9, 19, 16]. Thus momentum relaxation effects are extrinsic
to the electronic system and are not generally universal. An exception occurs when the
momentum degrading dynamics involves only long wavelength processes that can themselves
be described hydrodynamically [29, 30, 31]. It also occurs in certain holographic systems
with dynamical critical exponent z =∞ [27].
In this letter we are arguing that transport in incoherent metals is described by diffusive
physics. Not by momentum diffusion (and hence not related to the viscosity) but rather
by diffusion of charge and energy. As we have said, diffusion is intrinsic to the system.
Therefore, we would like to suggest that incoherent metals are precisely the metallic systems
to which universal bounds on the rate of dissipation can be usefully applied. Specifically,
it is tempting to adapt the diffusive bound (8) to our diffusion constants D± appearing in
(3) and (4) as
D±
v2F
& ~
kBT
. (10)
We have replaced the speed of light appearing in (8) with the characteristic speed in a
metal: the Fermi velocity vF . This is a nontrivial sleight of hand. In particular, the KSS
bound is only equivalent to (8) for relativistic systems with zero charge density. In some
regards, however, vF does play a role analogous to the speed of light – for instance by
mediating a linear dispersion relation for the low energy excitations of the Fermi surface.
Furthermore, the diffusion constants in a (quasiparticle based) Fermi liquid satisfy Dqp ∼
v2F τ ; the uncertainty principle arguments above then imply
Dqp
v2F
& ~
kBT
, (11)
in agreement with our more general proposed bound (10). This is of course effectively the
same quasiparticle bound as we obtained for the conductivity in (6). As we have noted, in
a quasiparticle regime there is no distinction between coherent and incoherent transport.
The virtue of rephrasing the quasiparticle bound in terms of diffusion as in (10) is that it
can now be continuously applied to strongly interacting incoherent metals also, sidestepping
extrinsic momentum relaxation. With strong interactions the Fermi velocity may not be
unambiguously defined. As a working notion, we can imagine using vF extracted from
quantum oscillations at very low temperatures, as in [1]. A more precise statement of (10)
is clearly desirable, ideally without reference to any single-particle properties. The strongest
argument for (10) at present may be the interesting phenomenology it leads to.
The bounds on the diffusion constants in (10) translate into bounds on the conductivities
through (3) and (4). This translation is complicated by the thermoelectric conductivity and
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susceptibility – α and ζ – appearing in (4). In many materials of interest these thermoelectric
terms are expected or measured to be small by powers of T/EF compared to the other terms
on the right hand side of (4). For simplicity, in this first pass, we proceed to drop these
thermoelectric terms and thereby conclude that
σ
χ
,
κ
cρ
& v
2
F ~
kBT
. (12)
The bounds in (12) underpin much of our remaining discussion.
Incoherent metals have been widely studied using dynamical mean field theory (DMFT),
see e.g. [32, 33]. This approach may help provide a microscopic picture of the dynamics
underlying bounds such as (10). In fact, we can quickly reproduce a result from the ultra
high temperature expansion of DMFT just from our Einstein relations. In a two dimensional
metal at temperatures well above the bandwidth EB one obtains (from the Fermi-Dirac
distribution) the susceptibilities cρ ∼ E3B/T 2 and χ ∼ EB/T . The diffusion constants are set
by the lowest energy scale, which is now EF . So D ∼ 1/EF is temperature independent and
clearly compatible with the bound (10) at high temperatures. From the Einstein relations
(neglecting thermoelectric conductivities) we then obtain the conductivities σ ∼ 1/T and
κ ∼ 1/T 2. These are the results obtained in DMFT in [34], which are now seen to be
general properties of incoherent diffusion in the ultra high temperature limit.
A bound of the form (12) was discussed in [35], with vF → c, for the electrical conduc-
tivity of a conformal field theory (CFT). In a CFT, particle-hole symmetry implies χJP = 0
in (1). Hence the d.c. conductivity is indeed controlled by universal charge diffusion rather
than momentum relaxation [36, 2]. In a CFT with two space dimensions, for example,
the conductivity σ is constant and the temperature dependence for (12) is supplied by the
charge susceptibility χ. Here we are instead discussing metallic systems in which strong
microscopic momentum relaxation is required to enter a diffusive, incoherent regime. The
proposal is that (12) holds for this restricted class of incoherent metals.
Experimental consequences
We proceed to describe simple consequences of the proposed universal bounds (10) and (12)
on transport in incoherent metals. We can expect that strongly correlated systems with no
small coupling constants will tend to push up against the bound, up to order one numerical
factors. Further assuming that we can drop the thermoelectric terms in (4), we describe
the phenomenology of incoherent metals that approximately saturate the bounds (12).
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Upon saturating the bound (12), the electrical resistivity is linear in temperature:
ρ ∼ 1
v2Fχ
kBT
~
∼ ~
kd−2F EF
kBT
e2
. (13)
Here and throughout we will be discussing conductivities in the number of conducting
dimensions d. Thus, for example, to get the predicted resistivity for a metal with two
dimensional conducting layers, the expression in (13) should be multiplied by the interlayer
spacing. In the second relation in (13) we have estimated the charge susceptibility χ ∼
e2kdF /EF , and also EF ∼ ~kF vF . In particular, we are assuming the susceptibility does not
have a strong temperature dependence. As with the Fermi velocity, the Fermi momentum
~kF may not be sharply defined without quasiparticles. We can again imagine that these
quantities have been extracted from low temperature quantum oscillations. If we (na¨ıvely
and incorrectly in a non-quasiparticle system) match the expression for the resistivity (13)
to a Drude formula, we will extract the effective timescale
τeff. ∼ ~
kBT
. (14)
Precisely this timescale (up to an order one numerical prefactor that cannot be discussed
at the accuracy we are working) indeed underpins the linear in temperature resistivity in
a large swath of materials including cuprates, ruthenates, heavy fermions, organics and
elemental metals [1]. The framework of incoherent metals developed here is therefore a
candidate for understanding the ubiquity of this ‘planckian’ [3, 2] linear in temperature
resistivity. The fundamental requirements are that (i) momentum is relaxed quickly and
therefore that (ii) transport is controlled by diffusion of energy and charge that is subject
to ‘universal’ bounds.
Some of the materials described in [1] – in particular the elemental metals – are likely
not incoherent metals of the sort we are describing. The scattering timescale (14) in these
cases presumably arises through standard ‘Prange-Kadanoff’ [25] quasiparticle scattering by
classicalized phonons, together with an order one electron-phonon coupling. Below we will
describe clear signatures that distinguish these two sources of planckian dissipation. Firstly,
scattering of quasiparticles by classicalized modes entails the Wiedemann-Franz law [14, 17].
This law will not hold for incoherent metals. Secondly, scattering by quasiparticles cannot
cross the MIR bound, while incoherent transport obeying (12) can do so.
Universal incoherent transport offers a perspective on the challenge of ‘bad metals’ [6],
whose resistivity violates the MIR limit. From (13) we have
ρ
ρMIR
∼ k
d
F
E2Fχ
kBT ∼ kBT
EF
. (15)
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Therefore we see that universal incoherent metals cross the MIR bound when kBT ∼ EF .
This can happen at experimentally reasonable temperatures if EF is relatively low (as it
tends to be in strongly correlated metals, as measured by e.g. the spectral weight [20, 37])
and with the help of some order one numerical factors in (14) or multiple Fermi surfaces.
Of course, many of the estimates we are employing will require a more careful treatment
in order to be applied to systems with multiple or highly anisotropic Fermi surfaces. We
see in (15) that a small charge susceptibility χ helps to lower the temperature at which
the MIR bound is reached. This observation motivates the experimental characterization of
charge susceptibilities in bad metals. The charge susceptibility is also important in relation
to possible nearby Mott transitions [38, 39, 40]. The main observation, however, is that
incoherent metals saturating the proposed diffusivity bounds (12) can happily cross the
MIR limit at high enough temperatures and become bad metals. See figure 1 above. The
strongly correlated materials analyzed in [1] include cases that cross the MIR bound (a
pnictide and a cuprate) and cases that do not (heavy femions, an organic material and
Sr3Ru2O7).
A key feature of an incoherent metal is the absence of a Drude peak with a width nar-
rower than Γ ∼ min {kBT,EF }. This is a distinctive feature that differentiates incoherent
metals from a strongly coupled coherent metal. Any structure at small frequencies in the
optical conductivity must broaden as the temperature is increased, and by the time the
MIR bound is reached it must have broadened out to Γ ∼ EF . Precisely this behavior is
well documented in the cuprate and pnictide superconductors. Optical conductivity data at
high temperatures in LSCO shows the disappearance of the Drude peak [46, 4]. Substantial
broadening of the Drude peak at increasing temperatures is also seen in the T -linear resis-
tivity regimes of, for instance, Bi-2212 [48, 49] and YBCO [47] cuprates, and in pnictides
[50, 51]. Further instances of metals with T -linear resistivity above the MIR bound and with
beautifully incoherent optical conductivities include the organic metal θ-(BEDT-TTF)2I3
[52], LiV2O4 [53], Na0.7CoO2 [54] and CaRuO3 [55]. The optical conductivities of these
materials do not even have Drude peaks at high temperatures. Instead the peak in the op-
tical conductivity moves away from ω = 0 as it broadens. In holographic studies of strongly
correlated media, such broad peaks are typically associated with ‘quasinormal modes’, see
e.g. [56]. It seems clear that this behavior cannot be explained by quasiparticle scattering
by a classicalized ‘phonon’-type mode. All of these materials are excellent candidates for
systems exhibiting universal incoherent metallic transport.
The onset of incoherent metallic transport at high temperatures is often discussed in
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terms of spectral weight transfer [4, 20]. The spectral weight in the Drude peak is transferred
to very high energy scales as the metal becomes increasingly incoherent. This has led
to recent suggestions that the T -linear resistivities and bad metallic behavior should be
understood as due to a strong temperature dependence of the plasma frequency ωp (or
some suitably defined effective plasma frequency ω∗p), rather than an anomalous scattering
rate τ , e.g. [57, 58]. These analyses are not in contradiction with the framework we are
developing. In particular, it is possible that approaches such as DMFT may help give
a microscopic understanding of universal incoherent transport. From the perspective of
incoherent transport, however, the quantities that organize the temperature dependence
of the resistivity are the diffusion constant D and charge susceptibility χ, via σ = Dχ.
The quantities τ and ωp are less natural in the context of diffusive conduction. There are
indeed different ways in which the charge diffusivity and susceptibility can scale to give a
T -linear resistivity: we have focussed on {D ∼ 1/T, χ ∼ 1} in the context of saturating the
bound (10), but another possibility is {D ∼ 1, χ ∼ 1/T}, which is relevant in the ultra high
temperature limit. Another possibility compatible with the bound (10) at kBT . EF is
the scaling {D ∼ EF /T 2, χ ∼ T}, although this last case would presumably have long-lived
quasiparticles (cf. [57]) and hence is not properly incoherent. Interestingly, the system
could move between these different behaviors with the dc conductivity remaining T -linear.
To clearly distinguish these regimes, it would be extremely interesting to directly measure
the diffusion constant.
A further prediction of (13) is that the coefficient of the linear in temperature resistivity
should vary inversely with changes in EF . In underdoped LSCO it has been observed that
at high temperatures the coefficient of the T -linear resistivity decreases as the doping x is
increased towards optimal doping [41, 42]. And, indeed, EF also appears to increase with x
towards optimal doping, as measured from the spectral weight [43, 44]. These observations
are therefore qualitatively in agreement with (13). In discussing the coefficient of the linear
in T resistivity, it is important to distinguish the high temperature incoherent regime, of
interest to us here, from the linear in T resistivity appearing at low temperatures upon
application of large magnetic fields [42]. The strong doping dependence of the coefficient of
the low temperature T -linear resistivity, in particular on the overdoped side, appears to be
closely tied to the onset of superconductivity [45].
Scattering by classicalized modes such as phonons or magnetic fluctuations, above some
effective Debye scale and with an effective coupling of order one, is a competing mecha-
nism to produce the dissipative timescale (14). This is a quasiparticle mechanism and so
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cannot be applied above the MIR limit. This mechanism therefore seems to be excluded
for the cuprates, pnictides and other bad metals we mentioned above (at least above the
MIR bound). A distinctive feature of this mechanism is that the electrons experience the
scattering as elastic because the modes they scatter off all necessarily have lower energies,
below the effective Debye scale. This leads [14, 17] to the Wiedemann-Franz law holding:
L ≡ κ/(σT ) = pi2/3× k2B/e2. However, it has been observed that the Wiedemann-Franz law
does not hold in the ‘high’ temperature regime with T -linear resistivity in heavy fermions
[59, 60] and in a cuprate [61]. This suggests that these particular T -linear resistivities are
not due to scattering off classicalized modes [17]. In contrast, in an incoherent metal the
Wiedemann-Franz law will not hold. In particular, the electronic Lorenz ratio is given by
L ≡ κ
Tσ
≈ cρ
χT
∼ k
2
B
e2
. (16)
To obtain the final term we used the estimate cρ ∼ kdF /EF ×Tk2B. The phonon contribution
to the thermal conductivity must be subtracted off, for instance by measuring the thermal
Hall conductivity [61]. By assuming that the diffusion constants D+ ≈ D− are comparable,
the ratio of conductivities has become a ‘Wilson ratio’ of susceptibilities.
It is interesting to estimate the temperature dependence of the Lorenz ratio (16) com-
pared to the Fermi liquid value of L0 ≡ pi2/3 × k2B/e2. For a rough thermodynamic estimate
we take a Fermi-Dirac distribution of free electrons at chemical potential µ and tempera-
ture T . We also include a cutoff on the energy integral at some bandwidth scale EB. The
susceptibilities are easily computed from the free energy; e.g. for a two dimensional metal
f = −g0T
∫ EB
0 d log
(
1 + e−(−µ)/T
)
. The ratio of susceptibilities is shown in figure 2 be-
low. The important result contained in this figure is that the Lorenz ratio in an incoherent
metal can drop dramatically from the Fermi liquid value of L0, even at temperatures that
are relatively low compared to the chemical potential scale. At high temperatures above
EB we cross over to the ultra high temperature behavior L ∼ 1/T 2, as follows from the
results below equation (12) above and also obtained from DMFT in [34]. This is a distinct
mechanism to achieve a very low L than that found in [17] for coherent metals.
Universal incoherent metallic transport captures many observed features of high temper-
ature regimes with T -linear resistivity. The most compelling evidence that a given material
is an incoherent metal in the sense we have described would, however, be the direct detec-
tion of diffusive processes. This requires the measurement of spatially resolved dissipative
dynamics as described by e.g. equation (27) in the methods section. It is of interest to
directly extract the diffusion constants D±, perhaps through time and space resolved mea-
12
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Figure 2: Lorenz ratio as a function of temperature. Estimated using a Fermi-Dirac
distribution for two dimensional electrons to compute the thermodynamic susceptibilities
in (16). Temperature T , chemical potential µ and bandwidth cutoff on the single particle
energy taken (for illustrative purposes) to be EB = 2µ.
surements of photoresponse. As we have noted, charge diffusion cannot be directly observed
due to screening. Thermal diffusion does not suffer from this problem – indeed, a photother-
mal signal has been used to measure the thermal diffusivity of BSCCO in the incoherent
T -linear resistivity regime [62, 63]. The data shows a slow decrease in the diffusivity as
the temperature is increased. Extracting the electronic contribution as discussed in [62]
leads to an electronic thermal diffusion constant of the order of the proposed bound (10).
It is reasonable to expect that D+ ∼ D−, but analogous independent determination of the
unscreened charge diffusivity, perhaps through studying the plasmon mode or by measuring
the compressibility, is desirable. Other measurements of diffusion in metals include spin
diffusion [64] and quasiparticle diffusion [65] in the superconducting state. Detailed charac-
terization of D±, ideally with the temperature dependence predicted by (10), could strongly
corroborate the picture of incoherent transport that we have explored here.
Final comments
We have proposed the bounds (10) on the diffusive processes that control transport in
an incoherent metal. The bounds were introduced by analogy with those that have been
conjectured (with some theoretical and experimental evidence) for other diffusive processes,
notably momentum diffusion. However, there was a certain logical leap from existing bounds
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to (10). The precise role of the Fermi velocity in the bound as well as the precise set of
systems to which it can be expected to apply need to be clarified. Controlled holographic
models of incoherent metals may help with these questions. Incoherent metals have only
very recently been found in holographic theories [66, 67]. Incoherent metallic transport is
also achieved holographically through probe brane systems [68, 69], although in these cases
energy as well as momentum is also strongly relaxed into a bath.
In going from (10) to (12) we dropped terms depending on the thermoelectric conduc-
tivity and susceptibility on the grounds that they were suppressed by powers of kBT/EF .
As we have noted, this ratio may not be especially small in bad metallic regimes. Non-Fermi
liquids may also have anomalously large thermopower. A more complete treatment of these
terms (and, ideally, measurements of α and ζ in the relevant regimes) is desirable.
The above caveats aside, the main achievement of our discussion has been to identify
a regime where universal bounds on strongly correlated transport, intrinsic to the metallic
dynamics, can be usefully proposed. We reviewed strong evidence from optical conductivity
that many interesting materials are indeed in an incoherent metallic regime over the rele-
vant regions of their phase diagram. Among other phenomenologically appealing features,
the proposed universal incoherent metallic transport is largely insensitive to the Mott-Ioffe-
Regel bound, as we illustrated in figure 1 above. It is hoped that thinking in terms of
plausible universal bounds can help demystify some of the anomalous yet ubiquitous char-
acteristics of these materials.
Methods
Diffusion of heat and charge in a metal
The total energy and the total electric charge in the system are certainly conserved. Local
fluctuations of the energy and charge densities,  and ρ, therefore obey
∂
∂t
+∇ · jE = 0 , ∂ρ
∂t
+∇ · j = 0 . (17)
Here j is the electric current and jE is the energy current. Long wavelength fluctuations
of the energy and charge densities will be the longest-lived modes in an incoherent metal.
These are scalar modes and therefore cannot directly overlap with the vectorial currents in
the sense of (1) in the infinite wavelength (zero momentum) limit. However, the diffusive
dynamics of the conserved densities does in fact control charge and heat transport at late
times and therefore determines the conductivities. To describe this effect we need a slight
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generalization of the Einstein relation between diffusivity and mobility. At long wavelengths,
gradients of the temperature and chemical potential produce currents according to
j = −σ∇µ− α∇T , jQ = −αT ∇µ− κ∇T . (18)
Here the heat current
jQ = jE − µj , (19)
and the conductivities σ, α, κ are constant. The two ‘thermoelectric’ conductivities are
related as usual by Onsager reciprocity.
Fluctuations of the densities are related to fluctuations of the temperature and chemical
potential through thermodynamic susceptibilities. At fixed chemical potential and temper-
ature, the thermodynamic potential density is f = − sT − µρ. Define
χ ≡ −∂
2f
∂µ2
, cµ ≡ −T ∂
2f
∂T 2
, ζ ≡ − ∂
2f
∂T ∂µ
. (20)
Derivatives are taken with µ or T fixed as appropriate. Then, from elementary thermody-
namics, we have
∇ρ = χ∇µ+ ζ∇T , ∇ = (Tζ + µχ)∇µ+ (µζ + cµ)∇T . (21)
Putting equations (17), (18), (19) and (21) together it is clear that we will obtain two
coupled diffusion equations for nA ≡ {, ρ}:
d
dt
nA = DAB∇2nB . (22)
These equations are easily decoupled by diagonalizing the matrix D of diffusion constants.
The eigenvalues D± of this matrix satisfy
D+D− =
σ
χ
κ
cρ
, (23)
D+ +D− =
σ
χ
+
κ
cρ
+
T (ζσ − χα)2
cρχ2σ
. (24)
Here we introduced the thermal conductivity with open circuit boundary conditions (the
usual thermal conductivity)
κ = κ− α
2T
σ
, (25)
as well as the specific heat at fixed charge density
cρ = cµ − ζ
2T
χ
. (26)
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The above derivation can be streamlined by working with entropy rather than energy dif-
fusion. In one dimension, nonlinear corrections to (22) can be important [70].
The expressions (23) and (24) are the generalized Einstein relations. In the absence of
any coupling between the charge and heat carriers (for instance, in a particle-hole symmetric
system) then ζ = α = 0. In this case we immediately recover the standard Einstein relations
for the separate charge and heat transport: σ = χD+ and κ = cρD−. More generally the
relation between the conductivities and diffusion constants does not separate in this simple
way.
The generalized Einstein relations above can also be obtained by Kubo formulae. Fol-
lowing Kadanoff and Martin [71, 15], the diffusion equations (22) imply that the spectral
functions for nA at long wavelength satisfy
1
ω
χ′′AB(ω, k) = Re
[
1
−iω +Dk2
]
AC
χCB . (27)
Here χAB are the components of the susceptibilities appearing in (21). The Kubo formula
then gives the matrix of conductivities
σAB = lim
ω→0
lim
k→0
ω
k2
χ′′AB(ω, k) = DACχCB . (28)
These are the conductivities for the currents {j, jE}. Using (19) to obtain the heat current
jQ, we immediately recover the Einstein relations (23) and (24).
Screening
In the presence of long ranged Coulomb interactions, the longitudinal conductivity is given
in terms of the charge density retarded Green’s function χρρ(ω, k) by (e.g. [72])
σL(ω, k) =
−iωχρρ(ω, k)
k2 − χρρ(ω, k) . (29)
We have used natural units for the electric charge. Using the diffusive form (considering
decoupled charge diffusion for simplicity)
χρρ(ω, k) =
k2Dχ
iω −Dk2 , (30)
gives
σL(ω, k) =
−iωDχ
iω −D(k2 + χ) . (31)
At long wavelengths, charged excitations are now seen to decay exponentially fast in time
rather than diffuse. This is the effect of screening. However, (31) does not capture the
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d.c. conductivity correctly, as it vanishes as ω → 0. This occurs because there are non-
singular terms that have not been kept in (30). For the d.c. conductivity, these terms can
be accounted for by adding a constant to (31): σL → σL + σd.c.. The constant is uniquely
fixed by the Kramers-Kronig relation
σd.c. =
1
ipi
∫ ∞
−∞
ImσL(ω, k)
ω
dω = Dχ . (32)
So we see that the Einstein relation remains intact in the presence of screening, even while
charge no longer diffuses on the longest wavelengths.
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